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A NOTE ON FUNCTION ALGEBRAS ON DISKS
KIEU PHUONG CHI AND MAI THE TAN
Abstract. Let D be a closed disk in the complex plane centered
at the origin, f, g complex valued continuous function on D.
Let P [f, g;D] (res. R[f, g;D])) be the uniform closure on D of
polynomials (res. rational functions) in variables f and g. In [12],
using complex dynamical systems, O’Farrell and Sanabria-Garcia
proved that {
(
z2,
z
1 + z
)
: z ∈ D} is not polynomially convex
with D small enough and so that P [z2,
z
1 + z
;D] 6= C(D) if D is
sufficient small. In this paper, we first give a certain conditions for
rational convexity of union of two compact set of Cn and apply to
show that R[z2,
z
1 + z
;D] = C(D) for all D small enough.
1. Introduction and statement of results
In this note, we refine techniques from previous work of both
authors [8, 15, 16, 18]..., to obtain a new approximation result in the
theory of function algebras. In the papers [6, 7, 8, 18] the following
situation is investigated. Let the function f be a C1 function defined
in a neighborhood of the origin in the complex plane which satisfies
f(0) = 0,
∂f
∂z
(0) = 0 ,
∂f
∂z
(0) = 1, (i.e., f looks like z near 0), and
such that zm and fn separate points near 0, where m,n is positive
integers. Let D be a small closed disk in the complex plane, centered
at the origin. Is it possible to uniformly approximate every continuous
function on D by polynomials in zm and fn? It is shown that both
answers yes and no are possible. Using some technical lemmas and the
well-known result of Ho¨rmander and Wermer on local approximation
in totally real manifolds, De Paepe proved that P [zm, fn;D] = C(D)
if m,n are coprime. If m and n are not coprime (and the generators
separate points near the origin), then one can reduce the problem to
the case where m = n. Using polynomial convexity theory, it can be
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shown that [z2, f 2;D] = C(D) for some choices of f (see [16, 17, 18]...).
In [17], the nice example are given to show that for m = n = 2,
the answer to our original question can be negative. More precisely,
P [z2, f 2;D] 6= C(D) for f(z) =
z
1 + z
for sufficiently small disk D. The
crucial point in showing that P [zm, fn;D] = C(D) is to show that a
certain set which is the union of two polynomially convex disks is itself
polynomially convex. For this, one have to apply appropriate tool of
Kallin’s lemma and some its modified forms. The aim of this work is
to expose the algebra R[zm, fn;D]. We would like to emphasize that
R[zm, fn;D] = C(D) when P [zm, fn;D] = C(D). It now follows that
the problem is meaningful in viewing P [zm, fn;D] 6= C(D). In [12],
the authors show that all disc of the form X = {
(
z2; f(z)
)
: z ∈ D}
is not polynomially convex, where f is holomorphic on D, and f(z) =
z2 + a3z
3 + ... with all coefficients an real, and at least one a2n+1 6= 0.
By this fact, we can conclude that
P [z2,
z
1 + z
;D] 6= C(D).
In this work, we first prove the version of Stout’s theorem for rational
function algebra and apply to show that the following
Theorem 1.1. If D is a sufficiently small disk centered at the origin
then
R[z2,
z
1 + z
;D] = C(D).
To prove this fact, we continue to rely heavily on the theory of
polynomial convexity and rational convexity. It may be useful to recall
the general scheme in proving [zm, g;D] = C(D) for appropriately
chosen g. Roughly speaking we consider the compact set X˜ which
is inverse of X := {(zm, g) : z ∈ D} under the proper polynomial
mapping (z, w) 7→ (zm, w). Then X˜ is a union of graphs (in C2) over
D. The key of the proof that to prove X˜ is rationally convex. For this,
we shall use an appropriate tool which is the version of Kallin’s lemma
(in fact Stout’s theorem for rational algebras). Note that union of two
polynomially convex sets may even fail to be rationally convex (see [21]
). Moreover, Stolzenberg shown that there are two totally real set in
C2 that their union is not rational convex.
We would like to note that Preskenis (see [19]) give some sufficient
conditions such that R[z, f(z);D] = C(D) (but not z2), where f is
polynomial of degree 2, in two variables in z, z.
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We do not to know what under conditions
R[z2, f(z)2;D] = C(D)
that follows
P [z2, f(z)2;D] = C(D),
where f looks like z near 0.
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2. Preliminaries
For a compact set K ⊂ Cn, let C(K) denote the algebra of all
continuous complex valued function on K, with norm
‖g‖K = max{|g(z)| : z ∈ K}, for every g ∈ C(K),
and let P (K) denote the closure of set polynomials in C(K); let A(K)
be the subalgebra of C(K) of the functions which are holomorphic
on the interior int(K) of K; let R(K) be the closure in C(K) of the
rational functions with poles off K. Let K be a compact subset of Cn,
by Kˆ we denote the polynomially convex hull of K i.e.,
Kˆ = {z ∈ Cn : |p(z)| ≤ max
K
|p| for every polynomial p in Cn}.
We say that K is polynomially convex if Kˆ = K. By definition,
R-hull(K) consists of all z ∈ Cn such that
|g(z)| ≤ max
K
|g|
for every rational function g which is analytic about K. If K =
R-hull(K), we say that K is rationally convex in Cn. Notice that
K ⊂ R-hull(K) ⊂ Kˆ. Moreover, these inclusions may be proper. It
is well-known that K, Kˆ and R-hull(K) respectively can be identified
with the space of maximal ideal of C(K), P (K) and R(K).
The interest for studying polynomial convexity and rational convex-
ity stems from the celebrated Oka-Weil approximation theorem (see
[1], page 36) which states that holomorphic functions near a compact
polynomially (resp. rationally) convex subset of Cn can be uniformly
approximated by polynomials (resp. rational functions) in Cn. Later
on, Ho¨rmander and Wermer proved that continuous function on a com-
pact polynomially convex subset of smooth totally real manifold M in
Cn can be approximated uniformly by polynomials (see Theorem 1.1,
[2]). Recall that a manifold M is totally real at p ∈ M if the real
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tangent space Tp(M) of M at p contains no complex line. A man-
ifolds M is totally real if it is totally real at any point of M . An
example of totally real manifold is the real Euclidean space Rn. In
this case, the mentioned above theorem of Ho¨rmander and Wermer
reduces to classical Stone-Weierstrass theorem. Note that, if f1, ..., fn
are C1 functions on an open subset U of Cn and det
( ∂fi
∂zj
(a)
)
ij
6= 0
with a = (a1, ..., an) ∈ U then M = {(z1, ..., zn, f1, ..., fn) : z ∈ U}
is totally real at (a1, .., an, f1(a), ..., fn(a)). The reader may consult
excellent sources like [1] and [20] for more applications of polynomial
convexity and rational convexity to function theory of several complex
variables.
Observe that union of two polynomially convex sets may even fail to
be rationally convex (see[21] ). On the positive side, the following result
due to Kallin gives a sufficient condition for polynomial convexity of
union of two polynomially convex compact sets. It is a powerful tool in
verifying polynomial convexity of finite union of polynomially convex
sets.
Theorem 2.1. ( Kallin’s lemma [3, 14, 20]) Suppose that:
1) X1 and X2 are polynomially convex subsets of C
n;
2) Y1 and Y2 are polynomially convex subsets of C such that 0 is a
boundary point of both Y1 and Y2 and Y1 ∩ Y2 = {0};
3) p is a polynomial such that p(X1) = Y1 and p(X2) = Y2;
4) p−1(0) ∩ (X1 ∪X2) is polynomially convex.
Then X1 ∪X2 is polynomially convex.
In [4], we provided an analogous result for rational convexity. Stout
improved the conclusion of Kallin’s lemma by strengthening the con-
ditions.
Theorem 2.2. (Stout’s theorem [14, 20]) Suppose that:
1) X1, X2 are compact subset of C
n with P (X1) = C(X1) and
P (X2) = C(X2).
2) Y2, Y2 are polynomially convex sets of C such that 0 is a boundary
point of both Y1 and Y2, and Y1 ∩ Y2 = {0}.
3) p is a polynomial onX1∪X2 such that p(X1) ⊂ Y1 and p(X2) ⊂ Y2.
4) p−1(0) ∩ (X1 ∪X2) = X1 ∩X2.
Then P (X1 ∪X2) = C(X1 ∪X2).
Stout’s theorem is useful tool in studying function algebras (see
[6],[14] and the references given therein.) We shall provide an analogous
result for rational function algebras (Theorem 3.1).
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Let A be a uniform algebra on a compact space X . A point x ∈ X
is a peak point for A if there is a function f ∈ A such that f(x) = 1
while |f(y)| < 1 for y ∈ X and y 6= x. The function f which satisfies
this condition is called to peak at x. The subset E of X is a peak set
for A if there is f ∈ A with f = 1 on E and |f | < 1 on X \ E.
Clearly, if x is a peak point then E = {x} is a peak set. The well
known lemma below is a simple observation that certain points are
peak point for P (X).
Lemma 2.3. ([20]) If K is a compact, polynomially convex subset of
the complex plane, then every boundary point of K is a peak point for
the algebra P (K).
3. Proof of the main result
We begin this section at the following theorem which is a modifica-
tion of Stout’s theorem.
Theorem 3.1. Suppose that:
(i) X1, X2 are compact subset of C
n satisfying every continuous
functions on Xi (i = 1, 2) are uniformly approximated on Xi by the
rational functions with poles off X1 ∪X2.
(ii) Y2, Y2 are polynomially convex sets of C such that E = Y1 ∩ Y2
are peak set for both P (Y1) and P (Y2).
(iii) p is a rational function holomorphic on X1 ∪ X2 such that
p(X1) ⊂ Y1 and p(X2) ⊂ Y2.
(iv) p−1(E) ∩ (X1 ∪X2) = X1 ∩X2.
Then R(X1 ∪X2) = C(X1 ∪X2). In particular, X1 ∪X2 is rationally
convex.
Proof. Let µ be a measure on X1∪X2 that is orthogonal to the algebra
R(X1∪X2). Then, we have that
∫
fdµ = 0, for every rational functions
f with poles off X1 ∪X2. We have to show that µ is a zero measure.
We first show that restriction of µ to X1 \ p
−1(E) which is zero
measure. Since E is peak set for P (Y2), we may find a function
h ∈ P (Y2) such that h(z) = 1 for all z ∈ E and |h(z)| < 1 for every
z ∈ Y2 \ E. By the dominated convergence theorem, we have
0 =
∫
(h ◦ p)nfdµ→
∫
X1\
(⋃
λ∈E
p−1(λ)
) fdµ
for every rational function f with poles off X1 ∪X2. Thus∫
X1\
(⋃
λ∈E
p−1(λ)
) fdµ = 0
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for every rational functions f poles off X1 ∪X2. In view the condition
(i), we may conclude that µ
∣∣
X1\p−1(E)
is the zero measure. In the same
way, µ
∣∣
X2\
(
∪λ∈Ep−1(E)
) is the zero measure. Hence, the measure µ is
concentrated on the set
(X1 ∪X2) \
(
[X1 \
(
∪λ∈E p
−1(λ)
)
] ∪ [X2 \
(
∪λ∈E p
−1(λ)
)
]
)
= (X1 ∪X2) ∩ (∪λ∈Ep
−1(λ) = X1 ∩X2.
The last equation follows from (iv). Using again the condition (i), we
can deduce that µ = 0. It is a equivalent to R(X1∪X2) = C(X1∪X2).
In particular, R-hull(X1 ∪ X2) = X1 ∪ X2, or X1 ∪ X2 is rationally
convex. 
We get the following corollary.
Corollary 3.2. Suppose that:
1) X1, X2 are compact subset of C
n with C(X1) = P (X1) and
C(X2) = P (X2).
2) Y1, Y2 are polynomially convex sets of C such that E = Y1∩Y2 are
peak set for both P (Y1) and P (Y2).
3) p is a rational function holomorphic on X1 ∪ X2 such that
p(X1) ⊂ Y1 and p(X2) ⊂ Y2.
4) p−1(E) ∩ (X1 ∪X2) = X1 ∩X2.
Then R(X1 ∪X2) = C(X1 ∪X2). In particular, X1 ∪X2 is rationally
convex.
Proof. The result is followed from the fact that C(X1) = P (X1) and
C(X2) = P (X2) imply the condition (i) of Theorem 3.1. 
We need the following fact which is a modification of lemma in [14].
Lemma 3.3. Let X be a compact subset of C2, and let pi : C2 → C2 be
difined by pi(z, w) = (zn, wm). Let pi−1(X) = X11∪X12∪ ...∪Xnm with
X11 compact, and Xkl = {exp(
2pi(k−1)
m
z, exp(2pi(l−1)
n
w : (z, w) ∈ X11}
for 1 ≤ k ≤ m, 1 ≤ l ≤ n. If R(pi−1(X)) = C(pi−1(X)) then
R(X) = C(X).
Proof. Suppose that f ∈ C(X). Then f ◦ pi ∈ C(pi−1(X)). Since
R
(
pi−1(X)
)
= C
(
pi−1(X)
)
we can seek two polynomials P,Q such that
f ◦ pi ≈
P
Q
, on pi−1(X)
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and Q has no zero point in pi−1(X). In particular , f ◦ pi ≈
P
Q
on Xkl,
for every 1 ≤ k ≤ m and 1 ≤ l ≤ n. Hence
f(zm, wn) ≈
P (ρk−1z, τ l−1w)
Q(ρk−1z, τ l−1w)
:=
Pkl(z, w)
Qkl(z, w)
.
Therefore, we have got the following approximation
(1)
f(zm, wn) ≈
P11(z, w) + ...+ Pkl(z, w) + ...+ Pmn(z, w)
mn
Q11(z, w) + ...+Qkl(z, w) + ...+Qmn(z, w)
mn
≈
P11(z, w) + ... + Pkl(z, w) + ...+ Pmn(z, w)
Q11(z, w) + ...+Qkl(z, w) + ...+Qmn(z, w)
on X11. Suppose that P and Q have forms P (z, w) =
∑
apqz
pwq
and Q(z, w) =
∑
bpqz
pwq then the right hand of (1) can be written∑
apqz
pmwqn∑
bpqzpmwqn
. It follows that
f(zm, wn) ≈
P (zm, wn)
Q(zm, wn)
, on X11,
and so that R(X) = C(X). 
Proof of Theorem 1.1. Let pi : C2 → C2 be difined by pi(z, w) =
(z2, w). Let X = {
(
z2,
z
1 + z
)
: z ∈ D}. It is easy to check that
z2,
z
1 + z
separates points in D. Hence, we have C(X) = C(D).
Therefore, we reduce to prove R(X) = R[z2,
z
1 + z
;D] = C(X). To
do this, by Lemma 3.3, we need to shows that
R(pi−1(X)) = C(pi−1(X)).
Set X˜ = pi−1(X). We have X˜ = X1 ∪X2, where
X1 = {
(
z,
z
1 + z
)
: z ∈ D}
X2 = {
(
− z,
z
1 + z
)
: z ∈ D}
Since Xi, i = 1, 2 are totally real sets, we can infer from Ho¨rmander-
Wermer’s theorem ([1]) that P (Xi) = C(Xi) for all i = 1, 2. Consider
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the rational function
p(u, v) =
uv
1 + u
.
If we choose D small enough then p has no pole points in X˜ . By a
simple computation, we have
Y1 := p(X1) = {
|z|2
1 + |z|2 + z + z
: z ∈ D};
Y2 := p(X2) = {
− |z|2
1 + |z|2 + z + z
: z ∈ D}.
This implies that Y1 is contained in right real axis and Y2 is contained
in left real axis. Moreover Y1 ∩ Y2 = {0}. In particular, 0 is boundary
point of Y1 and Y2. It follows from Lemma 2.3 that {0} is peak point
of P (Y1), P (Y2). It is easy to check that
p−1(0) ∩ ((X1 ∪X2) = (X1 ∪X2 = {(0, 0)}.
Applying Corollary 3.2, we can deduce that
R(X1 ∪X2) = C(X1 ∪X2)
or
R(pi−1(X)) = C(pi−1(X)).
The theorem is proved.
Remark 3.4. Since the proof of Theorem 1.1, we have pi−1(X) is
rationally convex. In fact, pi−1(X) is not polynomially convex (see
[12]).
References
[1] H. Alexander and J. Wermer, Several Complex Variables and Banach Alge-
bras, Grad. Texts in Math., 35, Springer- Verlag, New York, 1998.
[2] L. Hormander and J. Wermer, Uniform approximation on compact sets in
Cn, Math. Scand. 23, 1968 5-21 (1969).
[3] E. Kallin, Fat polynomially convex sets, Function Algebras, (Proc. Inter.
Symp. on Function Algebras, Tulane Univ, 1965, Scott Foresman, Chicago,
149-152 (1966).
[4] Kieu Phuong Chi, Kallin’s lemma for rational convexity, Acta Math. Vietnam.
34 (2009), no. 3, 345-350.
[5] Kieu Phuong Chi and Nguyen Quang Dieu, Function algebras on bidisks, Bull.
Korean Math. Soc. 49 (2012), no. 2, 235-247.
[6] Nguyen Quang Dieu, Local polynomial convexity of tangentials union of totally
real graphs in C2, Indag. Math. 10, 349-355, (1999).
[7] Nguyen Quang Dieu and P.J. de Paepe, Function algebras on disks, Complex
Variables. 47, 447- 451 (2002).
8
[8] Nguyen Quang Dieu and Kieu Phuong Chi, Function algebras on disks II,
Indag. Math. 17, (2006).
[9] T.W. Gamelin, Uniform Agebras, Prentice-Hall (1984).
[10] A. G. O’Farrell and K.J. Preskenis, Uniform approximation by polynoimials
in two functions, Math Ann.284 529-535, (1989).
[11] A. G. O’Farrell and P.J. de Paepe,Approximation on a disk II,Math. Zeit.
212, 153-156 (1993).
[12] A.G. O’Farrell and M.A. Sanabria-Garcia, De Paepe’s disc has nontrivial
polynomial hull, Bull. London Math. Soc. 34 (2002), no. 4, 490-494.
[13] A. G. O’Farrell, K.J. Preskenis and D. Walsh, Holomorphic approximation in
Lipschitz norms, Contemp. Math., 32(1984), 187-194.
[14] P.J. de Paepe,Approximation on disks, Proc. Amer. Math. Soc. 97 (1986), no.
2, 299-302.
[15] P.J. de Paepe, Algebras of continuous functions on disks, Proc. of the R. Irish.
Acad., 96A,85-90 (1996).
[16] P.J. de Paepe, Approximation on a disk I, Math. Zeit. 212, 145-152 (1993).
[17] P.J. de Paepe, Eva Kallin’s lemma on polynomial convexity, Bull. of London
Math. Soc. 33, 1-10 (2001).
[18] P.J. de Paepe and J. Wiegerinck,More approximation on disks, Complex Var.
Elliptic Equ. 52 (2007), no. 7, 551-559.
[19] K.J. Preskenis Approximation on disks, Tran. Amer. Math. Soc.171, 445-467,
(1972).
[20] E. L. Stout, Polynomial convexity Progress in Mathematics, 261. Birkha´user
Boston,2007.
[21] G. Stolzenberg, Polynomially and rationally convex sets, Acta Math. 109,
259-269, 1963.
[22] J. Wermer, Approximation on a disk, Math Ann.155 331-333, (1964).
Kieu Phuong Chi,
Department of Mathematics and Applications, Saigon University, 273
An Duong Vuong, Ho Chi Minh City, Vietnam
Email address : kieuphuongchi@sgu.edu.vn
Mai The Tan,
Department of Mathematics and Applications, Saigon University, 273
An Duong Vuong, Ho Chi Minh City, Vietnam
Email address : mttan.q11@hcm.edu.vn
9
